We suggest that center-fed dipole antenna analytics can be employed in the optimized design of high-frequency MRI RF coil applications. The method is illustrated in the design of a single-segmented birdcage model and a short multisegmented birdcage model. As a byproduct, it is shown that for a long single-segmented birdcage model, the RF field within it is essentially a TEM mode and has excellent planar uniformity. For a short shielded multisegmented birdcage model, the RF field is optimized with a target-field approach with an average SAR functional. The planar homogeneity of the optimized RF field is significantly improved compared with that of a single-segmented birdcage model with the same geometry. The accuracy of the antenna formulae is also verified with numerical simulations performed via commercial software. The model discussed herein provides evidence for the effectiveness of antenna methods in future RF coil analysis.
INTRODUCTION
Radiofrequency (RF) field inhomogeneity has been a major challenge in today's high-field magnetic resonance imaging (MRI) mainly due to the shortened RF wavelength in human tissue at higher frequencies. It has been shown [1] that image quality can be significantly affected. Recently, both experimental and theoretical work have been presented to improve the RF field homogeneity, such as the TEM resonator [2, 3] , closed-form analytical solutions [4] [5] [6] [7] [8] , and numerical simulations [9] [10] [11] . Techniques such as RF shimming [11] and parallel transmission [12] are applied to improve the RF field homogeneity with a focus on the transmit coil array. Although theoretical progress has been made in analyzing the experimental results, and RF field homogeneity can be improved with various techniques, a better understanding of the relationship between the RF current sources and the RF fields is still needed. A modeling control of the source-field relationship can be used to optimize the RF performance, much as has been done, for instance, in [13] , for lower frequencies. Moreover, the specific absorption rate (SAR) is an important RF safety concern as more RF energy tends to be deposited into human tissue in high-field MRI experiments [14] . Although detailed numerical simulations have been presented to analyze the SAR distribution in the human head within volume and surface coils [15, 16] , there is an absence of RF coil models that incorporate both RF field and SAR calculation and optimization. In this paper, we show that analytic formulae found in antenna theory can be applied with success in the optimized design of RF coils. It is well known that a static surface current distribution which is sinusoidal in the azimuthal direction on a surface of a cylinder produces a homogeneous static magnetic field everywhere in the cylinder [17] . We find that in a high frequency case, such sinusoidal current distribution can produce magnetic field which is uniform in transverse planes and oscillates in the direction perpendicular to the transverse plane; thus transverse electromagnetic (TEM) mode can be supported. With our model we show that by restricting the oscillation of the field required by Maxwell equations to the longitudinal direction, homogeneity in transverse planes can be significantly improved, as demonstrated in [5] .
METHODS
A good approximation of the oscillating current on a centerfed dipole antenna is a sinusoidal standing wave current with nodes at both ends [18] (Figure 1 ):
Here I 0 is the current amplitude, k is the wave number (i.e., 2π/wavelength), and l is the length of the antenna. It is assumed that the antenna has negligible cross section and is aligned along the z direction with its center at the origin, as shown in Figure 2 . The vector potential and the magnetic field produced by this center-fed dipole antenna are therefore determined [18] :
In (2) and (3), the current distribution is given in (1), (ρ, z) represents the cylindrical coordinates of the observation point in space, and z determines the location of the source point on the antenna. Given a sinusoidal standing wave current distribution in (1), the magnetic field produced by this source can be calculated analytically at any point in the space with (3) .
To model the shorter wavelength effects over relevant dimensions and the average dielectric properties of human head under an RF frequency of 400 MHz, we assume a conducting dielectric with constant permittivity 49.75 and conductivity 0.59 S/m [19] fills up all of space. Therefore, the wavelength for an RF field with frequency 400 MHz (corresponding to 9.4T main magnetic field in proton MRI) is approximately 10.6 cm. We choose this frequency in our modeling as a representative value of interest in today's very high-field MRI research. With the presence of a conducting dielectric and e iωt time dependence, the wave number k of the propagation in the dielectric will be complex and satisfy
Although the magnetic field (3) is derived from a sinusoidal current distribution with a real wave number k, we will still use (3) with all the wave numbers k replaced by the complex value given in (4) as an approximate representation of the RF field in the conducting dielectric. With the presence of the conductivity, Maxwell equation gives
The electric field can then be determined as
Once the electric field is known, the local SAR at a spatial point r can be estimated as
and the average SAR in a region of interest is
Xin Chen et al. where the density of the dielectric ρ is 1030 kg/m 3 [19] representing an average human head value and r i (i = 1, 2, 3, . . . , N) are N spatial points specified in a region of interest.
A shielded single-segmented birdcage model and a new shielded multisegmented birdcage model are constructed with center-fed dipole antennas as building blocks respectively. The RF fields produced by the two models are separately calculated and compared, after the multisegmented model is optimized with respect to the axial field uniformity and the average SAR. The shielded single-segmented birdcage model (Figure 3(a) ) has 16 evenly spaced axial conductors forming a birdcage structure (a model with 10 legs is shown in the picture for clarity) and a cylindrical shield. The inner diameter is 25 cm and the outer diameter is 29 cm, attempting to model a typical head RF coil. Each axial conductor is constructed as a center-fed dipole antenna and there are no end rings. The azimuthal current distribution among conductors is sinusoidal. Along the longitudinal (z) direction, the current has a simple sinusoidal standing wave z-profile as given in (1) . It is noted that when the length of the center-fed dipole antenna satisfies l = (n + 1/2)λ (where λ is the wavelength of the oscillating current source and n is any even integer), the current distribution (1) becomes cos(kz). Thus, in order to avoid more complicated charge and current distributions, the length of the center-fed dipole antenna is always assumed to be (n + 1/2)λ with n an even integer. Also, to focus on the wavelength effect due to the shortened electromagnetic wavelength by itself we neglect, for the moment, the conductivity of the dielectric for all the calculations related to the RF field distribution of the singlesegmented birdcage model. The effect of the shield can be simulated with the image method [20] , which states that the field produced by the currents induced on a shield is identical to the field produced by the image of the original current with respect to the shield. In the case of a cylindrical shield, the image of the current flowing in the axial conductor is a current flowing with opposite direction and located coaxially at a distance R sh (R sh − R 0 )/R 0 from the shield, where R sh and R 0 are the outer and inner radii of the birdcage model, respectively. The RF fields of the shielded birdcage model are then determined with (3) .
For the shielded multisegmented birdcage model ( Figure 3(b) ), the length is chosen to be 2.5λ (approximately 26.6 cm). The inner and the outer diameters of the model are 25 cm and 29 cm, respectively, the same as the single-segmented birdcage. There are eight axial conductors and no end rings. Each axial conductor consists of five half-wavelength-long center-fed dipole antennas. Three of them (the middle segment and the two on one side of the middle segment) are independently fed and the other two on the other side have current sources that are fixed by the axial symmetry around the central transverse plane. The image method described above is also applied here to incorporate the effect of the cylindrical shielding. Based on (3) and (6), the magnetic and the electric fields produced by each RF element (the half-wavelength-long center-fed dipole antenna) can be calculated. Therefore, the magnetic and the electric fields of the model are the superposition of the fields produced by all the individual RF elements and are functions of current amplitudes and phases on these elements. In order to obtain a uniform RF field profile with control over average SAR, a functional is constructed as
Here, I i and φ i are the unknown current amplitude and phase on the ith half-wavelength-long center-fed dipole antenna, N 0 is the total number of the antennas (which is equal to 40 in the present model), r j is the jth of the N r total constraint points in the central axial plane where we calculate the x and y components of the RF field produced by the model (B 1,x and B 1,y ) and impose the desired target field with both uniform amplitude and phase (B , and r i is the ith of the N SAR total spatial points in a region of interest (ROI) where we determine the electric field E(r i ) and the local SAR. A cylindrical ROI with a diameter of 16 cm and a length of 8 cm coaxially located within the multisegmented birdcage model, with their centers coincide, is selected for an illustrative SAR calculation. λ j and μ j are the familiar Lagrange multipliers. The functional W is minimized to obtain a uniform RF field using a functional approach to control SAR. The minimization is achieved by differentiating with respect to I i , φ i , λ j , and μ j , and solving the obtained 2N 0 + 2N r equations to find 2N 0 + 2N r unknowns I i , φ i , λ j , and μ j . Since the SAR term is a quadratic function of unknown current amplitudes and phases, the 2N 0 + 2N r equations are all linear and can be solved with matrix inversion. Optimal current amplitudes and phases are found and can be employed as sources parameters to determine the corresponding RF field and SAR profiles.
RESULTS
The single-segmented birdcage model is assumed to be driven by a current that is sinusoidal in the azimuthal direction around any transverse plane
where I j and φ j are the current amplitude and phase in the jth axial conductor, and the phase φ j coincides with the azimuthal angle of the axial conductor. The RF fields produced by models with different lengths l = (n + 1/2)λ are calculated with the analytical formula (3). It is shown that with fixed diameter, the longer model has increasingly better RF field uniformity. )). In terms of the maximum percentage deviation from the field at the center, the model with a length of 2.5λ has a nonuniformity of 60%, the one with a length of 10.5λ has a value of 32%, the 20.5λ-long model has a value of 10%, and the 100.5λ-long model only has a nonuniformity of 0.4%. The normalized amplitude of the RF field along the longitudinal direction (z direction) is shown in Figure 5 . As the length of the model increases, the oscillation of the field in the z direction approaches the absolute value of cos(kz), where k is the wave number of propagation in the dielectric. In contrast to a low-frequency birdcage, the length of the coil has to be very long before excellent transverse uniformity is achieved. The unknown current amplitudes and phases of a multisegmented birdcage model are found through the aforementioned optimization process. Table 1 shows current amplitudes and phases among the eight half-wavelengthlong center-fed dipole antennas of three independent-fed sections (i.e., the middle section, the section to the right (left) of the middle section, and the rightmost (leftmost) section) for the B1 field strength 1.16 μT at the center of the model. The symmetry of the current amplitudes implies that among the eight antenna segments of any section only four of them are independent. The current phases, nev-ertheless, do not exhibit any specific symmetries or relations with the azimuthal angles of the RF elements. The RF field optimized for uniformity in the central transverse plane is calculated with the solved currents. Figure 6 shows the map of the amplitude of the clockwise component of the circularly polarized RF field and the variation of the field along the x-axis in the central transverse plane of the optimized multisegmented birdcage model. It can bee seen that in the central region, the RF field variation is below 20%, compared with a nearly 60% variation of a singlesegmented birdcage model (Figure 4 ). Figure 7 shows the RF field variation along the longitudinal (z) direction for the optimized multisegmented birdcage. The field pattern Xin Chen et al. coincides with the absolute value of cos(αz) in the proximity of z = 0, where α is the real part of the complex wave number of the propagation in the dielectric. The average SAR within the aforementioned cylindrical ROI of this optimized model is 3.7 W/kg.
DISCUSSION
Due to the shortened RF field wavelength inside human tissue for high-field MRI, it is more difficult to use conventional RF coils to generate uniform RF field over the imaging region of interest. In terms of theoretical considerations, the Biot-Savart law, which is widely applied to determine the RF field in the low-frequency regime, is unable to give accurate predictions for the RF field of high frequency. For high-field MRI, most of the theoretical calculations and simulations are performed with commercial software and iterative numerical algorithms. Whatever analytical solutions that have been found previously available are mathematically complicated and have rarely been used to simulate modern RF applications, such as RF shimming and parallel transmission. In this paper, we have applied new analytic formulae from antenna theory to calculate the RF fields for a representative class of RF coils, namely, head coils with a birdcage structure. For the single-segmented birdcage model (with single center-fed dipole antennas used for each axial conductor), at high frequency, increasing the length leads to improved central planar uniformity for the RF field.
In fact, if the length of the model is much larger than the fixed diameter, the oscillation of the RF field required by Maxwell equations will be restricted to the longitudinal direction and excellent uniformity of the RF field in any of the transverse slices can be achieved. (In the limit of infinite length, the uniformity is perfect.)
In the long-coil limit, the electromagnetic fields inside approach a TEM mode. In this limit, the current and charge distributions on the coils have the same sinusoidal azimuthal dependence, sin ϕ as found for the low-frequency birdcage, both yielding internal magnetic fields that are spatially uniform and pointing along the x-axis. Let us see how this sinusoidal azimuthal dependence arises from waveguide theory, where it is well known [17] that, for a TEM wave, Maxwell equations become
This means that the electric field is a solution of a two-dimensional electrostatic-like problem in the transverse plane perpendicular to the wave propagation direction. Although the TEM mode cannot exist inside a single hollow (good) conductor, which generates an equipotential surface, it can be supported with two or more conductor surfaces such as a coaxial cable or transmission line, or a surface around which the potential is not constrained to be constant. Suppose a cylinder is formed by such surfaces, and a TEM electromagnetic wave (which can be either a standing wave or a traveling wave) exists in this cylinder such that the electric and magnetic fields in any transverse plane are uniform. For example, suppose a spatially uniform magnetic field points along the x-axis and a spatially uniform electric field points along the y-axis. At the surfaces, the electric and magnetic fields must satisfy the familiar boundary discontinuity conditions
where E in and E out (B in and B out )represent the electric (magnetic) fields inside and outside the surface, respectively, Xin Chen et al. 
σ(K)
is the surface electric charge (current) density, and the normal (to the surface) vector n points from the inside of the cylinder toward the outside of the cylinder. In the case where the electric and the magnetic fields outside the coil are zero, and the electric (magnetic) field is uniform inside the cylinder and along the y-axis (x-axis), we have 0 − E 0 e y · cos ϕe x + sin ϕe y = σ ε 0 ,
where E 0 (B 0 ) is the magnitude of the spatially uniform electric (magnetic) field, e x and e y are unit vectors pointing, respectively, along the x and y directions, and ϕ is the azimuthal angle. It can be seen that the azimuthal distribution of the electric charge and the surface current density are both proportional to sin ϕ where ϕ is the azimuthal angle, and the direction of the current flow points along the z direction. These results are consistent with our calculations. Although an infinitely long birdcage model with conventional sinusoidal current distribution can support a perfectly uniform TEM mode, a short one with length comparable to a normal RF head coil can not. Therefore, we have constructed a multisegmented birdcage model with a large number of center-fed dipole antenna RF elements. Each of the original axial conductors in the single-segmented birdcage model is now replaced by five equal subleg segments in our example. With our analytical tools the RF field can be calculated and optimized. The optimal RF field shows excellent central planar uniformity. In other words, a kind of RF shimming is achievable with our model and theory. Although excellent RF field planar homogeneity is achieved with our optimization process in the central transverse plane, the RF field uniformity degrades rapidly as the transverse plane moves away from the center of the model. It can be seen in Figure 7 that the oscillation of the field coincides with the absolute value of the cosine function only around z = 0. It implies that perfect sinusoidal longitudinal (along z) oscillation of the field is approximately restricted to the z = 0 region, and, as a result, the (transverse) field within the central transverse plane is approximately uniform. Although in the present solution the planar uniformity of the RF field degrades rapidly as the transverse plane moves away from the center, a similar optimization can be performed over other transverse planes to improve the field uniformity. Although the planar RF field homogeneity is improved, it is noted that the field strength significantly increases toward the periphery of the central axial plane. This is due to large current amplitudes in the antenna RF elements (Table 1 ). In fact, in our present solution, the uniform field in the central transverse plane is a result of partial cancellations among the fields produced by individual antenna elements. Therefore, the current amplitudes on the antenna elements tend to increase to produce a reasonable RF field strength in the central region of the axial plane. The increased currents lead to stronger both magnetic and electric fields at the periphery. As a result, the average SAR is bigger than results presented in some other numerical simulations such as [21] . It is difficult to reduce the SAR under the constraints demanding uniform RF field. In order to address this problem, we may perform the optimization process in a smaller region of interest to balance the RF field homogeneity and the SAR. In our present model, we have assumed a current distribution that oscillates with a dielectric wavelength to make an analytic solution possible. In fact, with the more general endpoints for our sinusoidal current z-profile formula, by superposition treating different kinds of the current z-profiles, we can approximate, for example, a more uniform current z-profile.
In our modeling, we have assumed that the dielectric fills up the whole of space instead of assuming a layer of air between the coil and a cylindrical dielectric phantom [5] [6] [7] [8] or using a heterogeneous head model [9] [10] [11] . We make this approximation mainly for simplifying our analytic calculations. To estimate the error of this approximation, we performed numerical simulations with HFSS (Ansoft Corporation) to study the RF field produced by our building blocks (half-wave-length-long center-fed dipole antennas) under several different conditions. Figure 8(a) shows the amplitude of the complex magnetic field at z = 0 as a function of the radial distance from a half-wavelength-long center-fed dipole antenna aligned along the z-axis with its center at the origin (as shown in Figure 2 ). The fields are rescaled such that they are identical 0.8 cm away from the antenna. Fields under the following conditions are plotted:
(i) fields calculated with our analytic antenna formula with a dielectric filling up the whole space, (ii) fields calculated with numerical simulations with a dielectric filling up the whole space, (iii) the antenna is located coaxially 12.5 cm from the central axis of a dielectric cylinder with radius 11.5 cm (i.e., there is a 1 cm air gap between the antenna and the surface of the cylinder), and (iv) the antenna is located coaxially 12.5 cm from the central axis of a dielectric cylinder with radius 9.5 cm (i.e., there is a 3 cm air gap between the antenna and the surface of the cylinder). It is shown that with the dielectric properties of an average human head, there is an excellent agreement between the analytic antenna formula and the numerical simulations without the presence of any air gap. The error introduced by the approximation that ignores the air gaps is an overall scaling difference of the field strength as long as the field is not estimated close to the antenna (typically, at least 2 cm away from the antenna). The very interesting point is that, by adjusting the conductivity to 3 S/m, the antenna formula and the "dielectric space" assumption can provide an excellent fit to the field distribution obtained with numerical simulation where there is an air gap between the antenna and the dielectric cylinder, as shown in Figure 8(b) . These results suggest that the analytic antenna formulae are useful for modeling practical RF coils. Although further calculations can be performed to address the problem with different layers of dielectric, our present results illustrate how RF field inhomogeneity is caused by the so-called wavelength effect and the manner in which we can achieve a desired RF field pattern through RF shimming. In a more realistic, heterogeneous case, improved RF field homogeneity can be anticipated using the present antenna solution as input Xin Chen et al.
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followed by numerical algorithms in an iteration procedure, in order to converge to a better approximation.
Finally, the question arises about the construction of an RF coil based on our model and theory. Although our present model has a total number of 40 antenna RF elements, these elements are not independent. First of all, the aforementioned symmetry with respect to the central axial plane of the multisegmented birdcage model reduces the number of independent current sources from 5 × 8 = 40 to 3 × 8 = 24. Furthermore, the current amplitudes found with the optimization (as shown in Table 1 ) have certain symmetry such that the current amplitude of one antenna element is always identical to the current amplitude of the antenna element diagonal to it. Although current phases do not exhibit any specific symmetry, the optimal solution may lead to further reduction of independent current sources. While the purpose of the present work is to present a theoretical tool for an initial optimization, there are multiple solutions to the practical problems. For example, with respect to decoupling in transmit mode, we could start with overlapping the nearest neighbor coils and then add combinations of capacitive or inductive elements for the decoupling of the remaining (next nearest neighbor and beyond) interactions. In particular, the present multisegmented birdcage model, in any case, can be implemented as a "parallel transmit volume coil with independent control of currents on the array elements" [22] . The techniques presented in [22] can be applied to address the problems of decoupling and feeding for constructing a practical coil based on the present model.
CONCLUSION
Due to the shortened wavelength of the RF field, RF field inhomogeneity has become a major challenge for high-field MRI. We present an analytic tool to simulate the RF field in the appropriate high-frequency limit. It is shown that an analytic calculation based on antenna theory and an optimization on that modeling can be effectively carried out. RF shimming is achievable to produce RF field with excellent planar uniformity. Our model and analytical calculations can help understand the relationship between the current sources and the RF fields. The major advantage of the present analytic tools is efficiency; for instance, the calculations are much faster than numerical iterative algorithms (by orders of magnitude in comparisons with field calculations performed through numerical integrations). Important parameters such as SAR can also be incorporated into the calculation and optimization. We believe that the methods described here will be quite useful in future RF coil designs.
